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GRAPHS THAT ARE NOT PERFECT

Odd holes

Odd antiholes

Graphs that have an odd hole or odd antihole
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e Fundamental and beautiful open problems



HEOREM (Lovasz) Let A be a 0, 1-matrix. For every
non-negative objective function ¢ the LP

max ¢’ x subject to z > 0 and Az < 1

has integral optimum < the undominated rows of A
form the vertex versus maximal cliques incidence matrix
of some perfect graph.
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THE SPGC WAS KNOWN FOR

e planar graphs (Tucker)

e claw-free graphs (Parthasarathy, Ravindra)

o K,-free graphs (Tucker)

e diamond-free graphs (Tucker)

e bull-free graphs (Chvatal, Sbihi)

e dart-free graphs (Sun)

o (C,-free graphs (Conforti, Cornuéjols, Vuskovi¢)
e “wheel-and-parachute-free” graphs (Conforti,
Cornuéjols)

NOTE All of the above exclude specific graphs.
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THEOREM (Chvatal) No minimally imperfect graph has
a star cutset.
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CONJECTURE (Chvatal) No minimally imperfect graph
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EVEN SKEW PARTITIONS
A skew partition is even if graph stays Berge after adding

a vertex as shown:
X =

v

THM No minimum imperfect graph has an even skew
partition.






MAIN THEOREM For every Berge graph G, either G or
its complement

(1) is bipartite, or

(2) is a line graph of a bipartite graph, or

(3) is a double split graph, or

(4) has an even skew partition, or

(5) has a 2-join, or

(6) has an M-join.

@)



A LEMMA ABOUT ODD PATHS

Roussel & Rubio, RST In a Berge graph, if

odd path
® ®

[ coconnected set ]

then
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MAIN CASES

e (5 contains a “large” line graph of a bipartite graph
e (G contains a “wheel”

e neither of the above
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PRISMS

THEOREM If a Berge graph has a prism, then it or its
complement is a line graph of a bipartite graph, is a
double split graph, has skew partition, has a 2-join or has
an M-join (and hence satisfies the conclusion of the main
theorem).
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THEOREM If a Berge graph has a wheel, then it or its
complement has a prism, a skew partition or a 2-join.
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THIRD STEP

For the SPGC we may assume GG has no even pair: a pair
of vertices such that every induced path between them is
even.
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SUMMARY

e Perfect graphs appear in many problems of
mathematics, theoretical computer science and
operations research

e The Strong Perfect Graph Conjecture is now a theorem

e Thus to test perfection it suffices to test Bergeness
(done by Chudnovsky et. al.)

FUTURE WORK
e Structure theorem for perfect graphs
e Optimization on perfect graphs without using the
ellipsoid method
e Unique coloring of perfect graphs




