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'12. (a)

(b) [1371?] Trygfl,ilz c(8™). We obtain c(8") = 4[c(8"1)] + 8"; that is, 8¢ = 4(8"1)c + 8", so
2°"c = 2°"~lc + 8™. Thus, 2%~'c = 8", s0 ¢ = 2 and p, = 2(8") is a particular solution. By
(@), Fhe homogeneous recurrence relation has solution g, = c(4™), 50 p, + ¢, = 2(87) + c(4™).
The initial condition gives 2+ c=1,s0c = —~1 and a,, = 2(8™) — 4m.
(c) [BB]Forn =0, 2(8%) — 4% = 2 — 1 = 1, as required.
1I:Iet k > 0 and assume that a, = 2(8%) — 4%, We wish to prove that a4, = 2(8F+1) — gk+1
ow ‘ '

aks1 = 4dag + 81 = 4[2(8%) — 4%) + 8¥*1  (by the induction hypothesis)
8k+l . 4k+1 + 8k+l — 2(8k+1) _ 4/c+l

as desired. By the Principle of Mathematical Induction, the result is true for all n > 0.

‘15. (a) [BB] With Pn = k, we obtain k = 4k — 9, so k = 3. A particular solution is p, = 3. The
homogeneous recurrence a, = 4an—1 has solution ¢, = c4”, 50 an = pp +¢n = c4™ + 3 The
initial condition gives ¢ + 3 = 4 so ¢ = 1 and we obtain a,, = 4™ + 3 as our solution.

(b) [BB] Try p,, = (an + b)2™. We obtain
(an +b)2" = dla(n—1)+b2"* + 3n2" = 2(an + b —a)2" + 3n2"
an+b = 2(an+b—a)+3n

\
Thus, a = 2a + 3 (so a = —3) and b = 2b — 2a (so b = 2a = —6). Hence, a particular solution
is p, = —(3n + 6)2". The homogeneous recurrence a, = 4a,_; has solution g, = 4™, so

D+ qn = 4™ — (3n 1+ 6)2™.

The initial condition gives ¢ — 6 = 4 so ¢ = 10 and we obtain a,, = 10(4™) — (3n + 6)2™ as our
solution.

17. [BB] Try p, = a + bn + cn?. We obtain
a+bn—+cn® =5la+b(n—1)+c(n —1)% — 2[a+ b(n — 2) + c(n — 2)*] + 3n
=5[a—b+c—|—(b—2c)n—l—cnz]—2[a—2b—|—4c-+—(b—-’lc)n+cnz]—i—3n2 i

=3a—b—3c+ (3b— 2c)n + (3c+ 3)n?.

This gives the system
a=3a—b—3c; b=30—2¢; c=3c+3 3
3,2

with solution ¢ = —3, b = —%, c = ——%. Hence, a particular solution is p, = —3 — -g-n — §n-.
The homogeneous recurrence a, = 5a,—1 — 2a,—2 has characteristic polynomial z? — 5z + 2 with

characteristic roots —&—gﬁ Hence, g, = c1(5;~—;/17)" + Cz(gi;/j)n and

n n
Pntan=-3-3n—3n2+¢ (u—zﬂ) +c2(5+;/'17) _

The initial conditions give —3 + ¢; + ¢ = 0 and —6 + cl(é-_—zlﬁ) + 02(5’5525—7) = 3. This gives
c = %(1 - —ﬁ), Co = %(1 + 7%) and, hence,

an=-3-3n—gn?+3(1- &) ()" +3(1+ ) (=2E)".




